The aim of this paper is to propose an ecient numerical method for solving the integro-di erential equations arising in many braches of sciences using Bernstein polynomials. This algorithm based on Bernstein polynomials approximation for integro-di erential equations. First, Bernstein operational matrix of di erentiation is derived using Bernstein polynomials and then applied to solve integro-di erential equations. The solutions obtained by proposed method indicate that the approach is easy to implement and computationally very attractive. A good agreement between the obtained solution and some well-known results has been obtained. Two numerical examples are provided to show the advantage of using Bernstein operational matrix. This method is capable of greatly reducing the size of calculations while still maintaining high accuracy of the numerical solution.
Introduction
Since many physical problems are modelled by integrodi erential equation arises in the eld of engineering, mechanics, physics, chemistry, astronomy, biology, economics, potential theory & electrostatics, for example in control theory and nancial mathematics [1] [2] [3] [4] . Integrodi erential equations are important equations, but they are hard to solve even numerically and analytically. In recent years, many di erent basic functions have used to estimate the solution of system, such as orthonormal bases and wavelets. In this paper, we are going to use simple bases polynomial i.e. Bernstein-polynomials. In recent years, numerous works have been focussing on the development of more advanced and e cient methods for integro-di erential equations, integral and di erential equations such as Wavelet-Galerkin method [5] , Lagrange interpolation method [6] , Tau method [7] , Taylor polynomial approach [8] and semi analytical-numerical techniques such as, homotopy perturbation method [9, 10] homotopy perturbation transform method [11] [12] [13] , homotopy analysis transform method [14, 15] , Laplace decomposition method [16] [17] [18] [19] .
In recent years, there has been an increase usage among scientists and engineers to apply wavelet technique as well as a numerical solution to solve both linear and non-linear problems. Bernstein polynomials have attracted the attention of many researchers. These polynomials have been utilized for solving di erent equations by using various approximate methods. These polynomials have been used recently to solve some linear as well as non-linear di erential equations approximately by Bhatti and Bracken [20] , Bhatta and Bhatti [21] . These polynomials de ned on an interval form a complete basis over the interval. For, instance-polynomials have been used to solve integral equations of various types such as di erential equations [22] [23] [24] . Recently, many researchers [25] [26] [27] [28] have applied to obtain the solutions of the di erential equation and integral equations arising in physics by using Bernstein operational matrices method.
The aim of the present paper is to apply new computational method to solve the some integro-di erential equations. This method reduces the integro-di erential equations to a set of algebraic equations by using Bernstein polynomials. As illustrative examples of integrodi erential equations whose exact solutions are known have been considered for appropriate numerical solutions. Though there exist some other numerical methods for handling the integro-di erential equations [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] , but the advantage of Bernstein operational matrix method to that method is simplicity of implication beside very better answers.
The Bernstein polynomial, named after Sergei Natanovich Bernstein, is a polynomial in the Bernstein form that is a linear combination of Bernstein basis polynomials. B-polynomials have many useful properties. The procedure takes advantage of the continuity and unity partition properties of the basis set of Bernstein polynomials over an interval [0,R]. The Bernstein polynomials basis vanish except the rst polynomial at t=0, which is equal to 1 over the interval [0, R] . This provides greater exibility to impose boundary conditions at the end points of the interval. It also ensures that the sum at any pointx of all Bernstein polynomials is unity. These polynomials have attracted the attention of many researchers. These polynomials have been utilised for solving di erential equations by using various approximation methods. These polynomials have recently been used to solve some linear as well as non-linear di erential equationns, ordinary and partial, approximately by Bhatta and Bhatti [21] some integrodi erential equations by Mandal and Bhattacharya [25] . The Bernstein polynomials of nth degree are de ned on the interval [0, 1] as [21] 
where
. There are (n+1),n th degree Bernstein polynomials forming a basis for the linear space Vn consisting of all polynomials of degree less than or equal to n in R[x]-the ring of polynomials over the eld R. For mathematical convenience, we usually set B i,n (x) = , if i < or i > n. It can easily be shown that each of Bernstein polynomials is positive and also sum of all the Bernstein polynomials is unity for all real
Any polynomial B(t) in R[t] may be written as
Then B(t) is called a polynomial in Bernstein form or Bernstein polynomial of degree n. The coe cients β i are called Bernstein or Bezier coe cients. But several mathematicians call Bernstein basis polynomials B i.n (t) as the Bernstein polynomials. We will follow this convention as well. These polynomials have the following properties: 1. B i,n ( ) = δ i and B i,n ( ) = δ in , where δ is the Kronecker delta function. 2. B i,n (t) has one root, each of multiplicity i and n − i, at t = and t = , respectively. 3. B i,n (t) ≥ for t ∈ [ , ] and B i,n ( − t) = B n−i,n (t). 6. It has a degree raising property in the sense that any of the lower-degree polynomials (degree < n) can be expressed as a linear combinations of polynomials of degree n. We have,
where . ∞ is the sup. norm and
is an eigen value of Bn; the corresponding eigen function is a polynomial of degree k.
The Bernstein polynomial, named after Sergei Natanovich Bernstein, is a polynomial in the Bernstein form that is a linear combination of Bernstein basis polynomials. The Bernstein basis polynomials of degree n are de ned by
(5) Using Gram-Schmidt ortho-normalization process on B i,n and normalizing, we obtain a class of orthonormal polynomials from Bernstein polynomials. We call them orthonormal Bernstein polynomials of order n and denote them by bon, b n , · · · , bnn. For n = the ve orthonormal polynomials are given by
Function Approximation
Bernstein polynomials form a complete basis [1] over the interval [0, 1] .It as easy to show that any given polynomial of degree n can be expressed in terms of linear combination of the basis functions. A function f ∈ L [ , ] may be written as
where, c in = f , b in and , is the standard inner product on L [ , ] . If the series (6) is truncated at n = m, then
where,
and
Bernstein Operational Matrix
Approximations by orthonormal family of functions have played a vital role in the development of physical sciences, engineering and technology in general and mathematical analysis in particular since long. In the last three decades, they have been playing an important part in the evaluation of new techniques to solve problems such as identication, analysis and optimal control. The aim of these techniques has been to obtain e ective algorithms that are suitable for the digital computers. The motivation and philosophy behind this approach is that it transforms the underlying di erential equation of the problem to an algebraic equation, thus simplifying the solution process of the problem to a great extent. The basic idea of this technique is as follows: 1. The di erential equation is converted to an integral equation via multiple integration.
2. Subsequently, the various signals involved in the integral equation are approximated by representing them as linear combinations of the orthonormal basis functions and truncating them at optimal levels. 3. Finally, the integral equation is converted to an algebraic equation by introducing the operational matrix of integration of the basis functions.
The key idea of the technique depends on the following integral property of the basis vector ϕ(t).
. . , ϕm(t)] T in which the elements ϕ (t), ϕ (t), . . . , ϕm(t) are the basis functions, orthogonal on a certain interval [a, b] and P m+ is the operational matrix for integration of ϕ(t). Note that P m+ is a constant matrix of order (m + ) × (m + ).
Using the operational matrix of an orthonormal system of functions to perform integration for solving, identifying and optimizing a linear dynamic system has several advantages: 1. The method is computer oriented, thus solving higher order di erential equation becomes a matter of dimension increasing. 2. The solution is a multi-resolution type. 3. The solution is convergent, even though the size of increment may be large.
. The Operational Matrix of Integration:
The orthonormal Bernstein polynomials operational matrix of integration of order (m + ) × (m + ) will be derived now. To achieve this, consider the following integral 
Using equations (9) and (10), we obtain
where the operational matrix P m+ of integration associated with orthonormal Bernstein polynomials is given by (12) and c i jm = ϕ i , b jm (13) For m = , the matrix P is denoted by P.
Method of solution for integro-di erential equations
Our aim in this paper is to compute the computational and numerical solution of di erent integro-di erential equations using Mathcad-14. Theorem 1: We consider the following linear integrodi erential equation:
is known function and yis unknown function to be determined. Using equation (7), we can approximate f (x) as
Proof. Let us consider the following equation
We integrate the above equation with respect to t, we get
Since, from initial condition y( ) = . So above equation becomes
From the above equations (14)- (16), we get
From Eqs. (17) and (18), we get
Theorem 2:
Let us consider another integro-di erential equation of the type:
) and y is and unknown function.
Proof. If we approximate x, y ′ and k by (7) as follows:
Then
B(t).
Putting this value in equation (19), we have
By solving above linear system we can nd the vector Y ′ ,

Numerical Examples and Error Estimation
To demonstrate the e ectiveness of the proposed method we consider here Integro di erential equation. We use Mathcad-14 to get the numerical results. 
Example1:
We consider the following Integro-di erential equation of rst order: Here Figs. 1-2 show the evaluation results of the approximate solution, exact solution and absolute error for the example 1. Fig. 1 show the comparison between the exact solution and the approximate solution (which is obtained by aforesaid Bernstein operational matrix method). 
with exact solution y(t) = e t .
Figs. 3 show the comparison between the exact solution and the approximate solution (which is obtained by aforesaid method). It can be seen from Figs. 3 that the numerical solution obtained by the present method is nearly identical to the exact solution of the given integrodi erential equation (21) .
Concluding remarks
In this paper, we have proposed a numerical approach for solving integro-di erential equation arising in science and other physical phenomena by using Bernstein polynomial operational matrix. We have introduced Bern-stein operational matrices of integration to propose a new and accurate algorithm for numerical solution of integrodi erential equations. First, Bernstein operational matrix of di erentiation is derived using Bernstein polynomials and then applied to solve integro-di erential equations. The low order matrices make our method more attractive and simpler to use as illustrated by the given numerical examples. Finally two numerical examples reveal that the present method is very accurate and computationally very attractive for solving linear and nonlinear integrodi erential equations arising in science and engineering.
